Abstract. By the "lightbulb theorem" I mean the result that a knot of S1 in S1 X S2 which meets some S2 factor in a single transverse point is isotopic to an S1 factor. We prove an analogous result for knots of S" in S" X S2, and apply it to answer a question of Rolfsen concerning PL I-equivalence of links.
L"!
(This refers to the PL category; I-equivalence is the relation that results when concordances are not required to be locally flat.) The question arises because Theorem 3 of [9] asserts that there are no such links in S"+2. The proof of that theorem shows that the answer is no if n is even (since the knot concordance group is zero in even dimensions). We shall show that there are examples for every odd n. The case n = 1 is easily described. We take M = S1 X S2. Let x and y be two points of S2, set L, = L\ = S1 X {x} and L2 = S1 X {y}, and let L'2 be the result of locally tying a trefoil in L2. Then L = Lx U L2 and L' = L[ U L'2 satisfy the desired conditions. In fact L2 and L'2 are ambient isotopic; this is a special case of what is sometimes known as the lightbulb theorem.
To construct examples for greater values of n, we would like to replace S1 by S" throughout (and the trefoil by some nonslice knot of S"). To see that this produces links with the right properties, we prove in §1 a higher-dimensional version of the lightbulb theorem. For this it seems to be necessary to work in the smooth category. A little triangulation theory gives results for PL case, and hence our examples, in §2.
For us, a knot~ of M in TV will mean a submanifold of N isomorphic (i.e., diffeomorphic or PL homeomorphic, as appropriate) to M, rather than an embed-1. The smooth case. In this section we work in the smooth category. Our aim is to prove Theorem 1. Let 2 be a smooth knot of S" in S" X S2 such that 2 meets some {z} X S2 in a single transverse point, and let 20 = S" X {x} for some x G S2. For n > 3, the following are equivalent:
(a) 2 is (ambient) isotopic to 20; (b) 2 is ambiently concordant to 20; (c) 2 is concordant to 20;
(d) both of the following hold:
(i) 2 is homotopic to 20; (ii) z'(2) c S" + 3 is unknotted, where i: S" X S2 «-» S" + 3 is the standard inclusion. If n = 2 then (b), (c), and (d) are equivalent. Remark 1. By ambient ly concordant we mean that there is a diffeomorphism h:
S" X S2 -» S" X S2 such that «(20) = 2 and h is concordant to the identity.
Remark 2. The "lightbulb theorem" is the statement that if n = 1 then (a) always holds (provided that 2 is correctly oriented). For n > 1 this is not the case. If we take 2 to be the graph of an essential map S" -> S2 then (d)(i) will not hold. That (d)(ii) may also fail is shown by examples of the kind we need in §2, as we now describe.
Let K be a knot of S" in S"+2. With 20 as above, define 2* = 20#K. Then 2* is homotopic to 20, but ¿(2^) is unknotted in S"+3 iff j(K) is, where j: S" + 2 -* S"+3 is the standard inclusion. Let Cm'" denote the group of concordance classes of knots of 5" in Sm. According to [4, Theorem 1.2], Cm'" is identical with the group of isotopy classes of such knots for m > n + 3, so j(K) is unknotted iff K represents an element of the kernel of j+: C"+2'" -* C"+3,n. and Ker 7* is not finitely generated ifn is odd.
Proof. Consider first Imy*. For n = 0mod2 (respectively n = 1) there is nothing to prove, since C"+2n = 0 (respectively C41 = 0). Suppose that n is odd and n > 5.
In [7] , Levine studies the group 0"1" of concordance classes of knots of homotopy «-spheres in Sm; this contains Cm,H as a subgroup. According to [4] (see the remark preceding the statement of Corollary 6.6), the image of j* is the intersection of C" + 3n with the kernel of the homomorphism w3(«,3): @n+x"-* ir"(G3,SO^) appearing in Levine's exact sequence (3)3; Levine calls this group 2g+3'". The result now follows from Theorem 6.7 of [7] .
There remains only the case « = 3. This is proved in [4, Theorem 5.17] with C5,3 and C6-3 replaced by the groups of concordance classes of embeddings of S3 in S5 and S6, respectively. However, since T4 = 0 (Cerf [1] ), we obtain the same group from embeddings as from submanifolds.
For the claim about Kery* we need to know that C"+2'" is not finitely generated for odd «. The knot cobordism groups determined by Levine in [8] coincide with C" + 2-" for « = 1 and n = 3, and with 0" + 2" for other odd n. In the latter cases, C" + 2-" has finite index in 0n+2" since the group of homotopy «-spheres is finite (Kervaire and Milnor [6] ). D Proof. Let S" = DHUdDn+, where z g int DU. We may assume that 2 n (D* X 52) = 20n (Z)_"x S2) = Düx{x}. Let A = 2 n (D"+x S2) and A0 = 20 n (D"+ X S2) = D"+X{x}; these are properly embedded «-discs in Dn+X S2 with3A = 3A0. We can also regard them as being contained inSn+2 = i»^x52Ug5'"_1xZ) 3 . We claim that there exists a diffeomorphism g: S"+2 -» S"+1 such that
(1) g | Sn~: X D3 is equal to the identity;
(2) g(A0) = A; (3) g is isotopic to the identity. Now g is defined on S"~l X D3 by (1); we first extend it over A0. There is a diffeomorphism g,: 20 -* 2, and we may assume that its restriction to D" X {x} is the identity since any two orientation-preserving embeddings of the «-disc D" X {x} in 2 are isotopic. Extend g by g, | A0.
Next we claim that g extends over a tubular neighborhood T0 of A0. The product structure on 3(7J" X S2) gives a normal framing of 3A c 3(7)" X S2), and we are claiming that this extends to a normal framing of A c D"+ X S2, or equivalently that 2 has trivial normal bundle in S" X S2. For « = 2 this follows from the assumption that 2 and 20 are homologous; for « # 2 any S02-bundle over S" is trivial.
At this point, g is defined on(S"~1xD3)u7,0 = D"+2 and is therefore isotopic to the inclusion, allowing us to extend it to all of S"+2. Now regard S" X D3 as Dn+3 with an «-handle attached along S"'1 X D3 c Sn+2 = 37)"+3. We obtain / by extending g over Dn+3 using (3) , and over the handle using (1) . D
The main part of the proof of Theorem 1 is to show that the / provided by Lemma 1 can be chosen so that its restriction to S" X S2 is concordant to the identity. Diffeomorphisms of S' X S* have been classified up to concordance by Sato [10] , for a certain range of values of p and q. Unfortunately, this classification is not applicable when q = 2; we can however use Sato's methods. The following lemma is a consequence of Proposition 1.1 of [10] ; we include a proof for the reader's convenience. Lemma 2. Let f: D" + 1 X S2 -» £>" + 1 X S2 be a diffeomorphism inducing the identity on H2(D"+l X S2), where « > 2. Then the restriction of f to S" X S2 is concordant to the identity.
Proof. Let k be the inclusion of 0 X S2 into Dn + 1 X S2. Then k and /° k are homotopic, and therefore isotopic by Haefliger [3, Théorème d'existence, (b)]; hence we may assume that /10 X S2 = k. By the tubular neighborhood theorem we may further assume that / maps \D"+1 X S2 to itself by a bundle isomorphism. Since ■n2(SOn+x) = 0 we can arrange that f\ \D"+l X S2 is the identity. Identify X = (Dn+1 -int(2-7)"+1)) X S2 with S" X S2X 7; then f\X is the desired concordance. Let / be a diffeomorphism of S" X D3 given by Lemma 1. Identify Sn+3 with S" X D3 U3D"+1 X S2 and let /: S" X D3 -» 5n+3 be the inclusion. (Thus i \ S" X S2 is the standard inclusion, previously denoted by /'.) Since if(S" X 0) is isotopic to ¿(2), (d)(ii) implies that there is a diffeomorphism gx of S"+3, isotopic to the identity, such that gxf(S" X 0) = S" X 0. Let k be the diffeomorphism of S" X 0 obtained by restricting g,/. Note that f "(k'1 X id) also satisfies the conclusion of Lemma 1; replacing / by this diffeomorphism we may assume that gxf\S" X 0 is the identity. Let « = f\S" X S2; the proof will be completed by showing that « is concordant to the identity.
By the tubular neighborhood theorem, there is a diffeomorphism g2 of Sn+3, isotopic to the identity, such that g2gxf maps S" X D3 to itself by a bundle isomorphism. Then g2gx maps D"+1 X S2 to itself and induces the identity on H2(D" + Ï x S2) because Lk(g2gl(0 X S2),S" X 0) = Lk(g2gl(0 X S2),g2gxf(S" X 0)) -Lk(0x S2,f(S"x 0)) -Lk(0 x S2,2) = Lk(0 x S2,20)
= Lk(0 X S2,S"X0).
By Lemma 2, g2gx\S" X S2 is concordant to the identity. Denote by C0(S" X S2) the group of concordance classes of those diffeomorphisms of 5" X S2 which induce the identity on 77*(S" X S2), and let a: w"(S03) -* C0(S" X S2) be the evident homomorphism. We have shown that « represents an element of the image of a. Since tt2(S03) = 0 we assume from now on that « > 3.
There is a homomorphism ß: C0(S" X S2) -* ir"(S2) which sends the concordance class of a diffeomorphism g to the image of the homotopy class of g (20) Here p and 77 are the double covering S3 -* S03 and the Hopf fibration S3 -* S2
respectively, and therefore induce isomorphisms on trn. Hence « is concordant to the identity, as desired. D 2. The PL case and I-equivalence of links. In this section all manifolds, homeomorphisms, etc. will be PL unless otherwise stated; in particular, S" will denote the PL «-sphere. All submanifolds will be locally flat. Let M" + 2 be a closed manifold. We denote by Jf(M) (sé<€(M),cê(M)) the set of ambient isotopy (ambient concordance, concordance) classes of knots of S" in M. Suppose that Ma is a smoothing of M (i.e., Ma is a smooth manifold obtained by giving M a smooth structure such that the identity M -* Ma is a piecewise-differentiable (PD) homeomorphism). By a smooth knot of S" in Ma we mean a smooth submanifold K of Ma admitting a PD homeomorphism S" -* K; the induced smooth structure on S" is not required to be standard. We denote by Jf(Ma) (s/<g(Ma),<ë(Ma)) the set of smooth (ambient) isotopy (ambient concordance, concordance) classes of smooth knots of S" in Ma.
Let AT be a PL knot of S" in M and K* a smooth knot of S" in Ma. We call K [11] , each tx is surjective, and (because concordances between knots, being also of codimension 2, can be ambiently smoothed) i^ is an isomorphism. Denote the standard smoothing ofS"bySDitf.
Theorem 2. Let 2 be a PL knot of S" in S" X S2 such that 2 meets some {z} X S2 in a single transverse point, and let 20 = S" X {x} for some x G S2. For n > 3, the following are equivalent:
(a) 2 is ambient isotopic to 20; (b) 2 is ambiently concordant to 20; (c) 2 is concordant to 20;
(i) 2 is homotopic in 20;
(ii) z(2*) c S^lfl is unknotted, where 2* is an ambient smoothing of 2 and i is the standard inclusion of S^ X 5¿iff in S £5/.
If n = 2 then (b), (c), and (d) are equivalent.
Proof. Since 2 can be smoothed by a PD isotopy which is arbitrarily close to the identity in the C^topology, we can take 2* to meet {z} X S^ in a single Proof. For « > 1, let K be any knot representing a nontrivial element of the kernel of ^(Sn+2) -» V(S" X S2); for « = 1 let K be any knot which is not algebraically slice. Let x and y be any two points of S2. Let L, = L'x = S" X {x}, let L2 = S" X { v}, and let L'2 = L2#K, so that Z/2 is concordant to L2 by choice of K (or by the lightbulb theorem if « = 1). Then L and L are 7-equivalent; we need to show that they are not concordant. Suppose that C = Cx U C2 cz S" X S2 X 7 is a concordance between them. We can remove a neighborhood of Cx and sew it back so as to obtain a manifold W d C2 with a(W, C2) = (Sn+2,0) U -(Sn+2, K). Then W is a homology cobordism so that K is algebraically slice, and hence slice if « > 1, contrary to assumption. (In fact, if « > 1 then W is an «-cobordism and therefore a product.) D
